In a previous paper [1] we have studied the characters and Clebsch-Gordan series for the exceptional Lie algebra E7 by relating them to the quantum trigonometric Calogero-Sutherland Hamiltonian with coupling constant κ = 1. Now we extend that approach to the case of general κ.
Introduction
The Calogero-Sutherland models [2, 3] related to the root systems of the simple Lie algebras [4, 5, 6] have been deeply investigated during the last two decades. Originally introduced on purely theoretical grounds, this class of models have however found a number of relevant applications in such diverse fields as condensed matter physics, supersymmetric Yang-Mills theory or black-hole physics. On the mathematical side, an interesting feature of the quantum version of this kind of models is that their energy eigenfunctions provide a natural generalization of several types of hypergeometric functions to the multivariable case. For the potential v(q) = κ(κ − 1) sin −2 (q) and special values of the coupling constant, these eigenfunctions are related to some othogonal functional systems of particular interest in the theory of Lie algebras and symmetric spaces: for κ = 1 we obtain the characters of the irreducible representations of the algebra, while for κ = 0 the corresponding monomial symmetric functions arise; other values of κ lead to zonal spherical functions in symmetric spaces associated to the Lie algebra: in particular, for E 7 , κ = 1 2 gives these functions for the symmetric space E V * [7, 6] . The Calogero-Sutherland Hamiltonian appears in this way as a natural unified tool for the computation of all these objects.
The Calogero-Sutherland Hamiltonian associated to the root system of a simple Lie algebra can be written as a second-order differential operator whose variables are the characters of the fundamental representations of the algebra. As it was shown in the papers [8, 9, 10] , and later in [11, 12, 13, 14, 15, 16, 17] , this approach gives the possibility of developing some systematic procedures to solve the Schrödinger equation and determine important properties of the eigenfunctions, such as recurrence relations or generating functions for some subsets of them. The approach has been used for classical algebras of A n and D n type, for the exceptional algebra E 6 , and recently also for E 7 for the special value of the coupling constant for which the eigenfunctions are proportional to the characters of the irreducible representations of the algebra. The aim of this paper is to show how to generalize the treatment given in [1] to arbitrary values of the coupling constant and to extend some of the particular results found there to the general case.
The Calogero-Sutherland Hamiltonian for E 7 in Weyl-invariant variables
The trigonometric Calogero-Sutherland model related to the root system R of a simply-laced Lie algebra of rank r is the quantum system in an Euclidean space R r defined by the standard Hamiltonian operator
where q = (q j ) is a cartesian coordinate system and p j = −i ∂ qj ; R + is the set of the positive roots of the algebra, and κ is the coupling constant. The (non-normalized) ground state wave function is
while the excited states are indexed by the highest weights µ = m i l i ∈ P + (P + is the cone of dominant weights) of the irreducible representations of the algebra, that is, by the r-tuple of non-negative integers m = (m 1 , . . . , m r ). Looking for solutions Ψ κ m of the Schrödinger equation in the form Ψ
we are led to the eigenvalue problem
where ∆ κ is the linear differential operator
Due to the Weyl symmetry of the Hamiltonian, to solve the eigenvalue problem (4) it is convenient to express the operator ∆ κ in a set of independent W -invariant variables such as z k = χ l k (q), the characters of the irreducible representations of the algebra. The operator ∆ κ in the z-variables has the structure:
but to fix the coefficients by direct change of variables is very cumbersome. As explained in [1] , a different procedure, based on the computation of the quadratic Clebsch-Gordan series and the second order characters of E 7 , is possible.
In [1] , we applied this procedure to compute a jk (z) and b
, thus finding the operator ∆ κ for the special case κ = 1. The remaining task is to compute b 0 j (z) and b 1 j (z) separately. To accomplish that task a new piece of information is required: we need to know all the first order symmetric monomials for E 7 given as a function of the z-variables. To obtain them, we will rely on the expansions of the fundamental characters of E 7 in terms of monomial functions computed by Loris and Sasaki in [18] . In the notation of [1] , these expansions are
Expansion of second order characters in monomial functions
As the name suggests, the orthogonal system of monomial symmetric functions is the simplest one among the different classes of symmetric polynomials associated to the Lie algebra E 7 : each monomial symmetric function is nothing but the sum of all the monomials associated to one orbit of the Weyl group on the weight lattice. Now, we can easily expand other polynomials associated to the root system of E 7 in the basis of the monomial symmetric functions. In fact, the method is the same which we have described in [1] for the computation of Clebsch-Gordan series. In particular, the coefficients in the decomposition of characters in monomial symmetric functions are interesting in that they give the multiplicities of the weights in the corresponding irreducible representations. As an example, we present such decomposition for all the second order characters. 
First order polynomials
The iterative methods given in [1] allow us to solve the Schrödinger equation (4) for general κ. The eigenfuntions are polynomials. In this and the next subsection, we present a partial list of such polynomials of first and second order.
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Generalized quadratic Clebsch-Gordan series
For each κ, the product of polynomials can be decomposed as a linear combination of polynomials of the same κ. The terms entering in this decomposition are exactly the same entering in the product of characters, i.e. in the corresponding Clebsch-Gordan series, while the coefficients are rational functions of κ. The method for computing these coefficients was explained in [1] . Here we give some of the quadratic Clebsch-Gordan series for general κ. 
